We consider the semiclassical limit of quantum systems with a Hamiltonian given by the Weyl quantization of an operator valued symbol. Systems composed of slow and fast degrees of freedom are of this form. Typically a small dimensionless parameter ε ≪ 1 controls the separation of time scales and the limit ε → 0 corresponds to an adiabatic limit, in which the slow and fast degrees of freedom decouple. At the same time ε → 0 is the semiclassical limit for the slow degrees of freedom. In this paper we show that the ε-dependent classical flow for the slow degrees of freedom first discovered by Littlejohn and Flynn [LF91], coming from an ε-dependent classical Hamilton function and an ε-dependent symplectic form, has a concrete mathematical and physical meaning: Based on this flow we prove a formula for equilibrium expectations, an Egorov theorem and transport of Wigner functions, thereby approximating properties of the quantum system up to errors of order ε 2 . In the context of Bloch electrons formal use of this classical system has triggered considerable progress in solid state physics [XCN10]. Hence we discuss in some detail the application of the general results to the Hofstadter model, which describes a two-dimensional gas of non-interacting electrons in a constant magnetic field in the tight-binding approximation.
Introduction
Semiclassical approximations play an important role in the understanding of many quantum mechanical phenomena. The standard situation is a HamiltonianĤ = H(x, −i ∇ x ), acting on L 2 (R n ), that is the Weyl quantization of a real valued function H(q, p) on the classical phase space R 2n . The goal of semiclassical methods is to approximate properties related to the quantum mechanical operatorĤ on L 2 (R n ) in the limit → 0 using the classical Hamiltonian H on R 2n and its flow. Examples of such properties are the spectrum and eigenfunctions ofĤ, special solutions of the time-dependent Schrödinger equation or the full unitary group e −iĤ t or statistical expectation values tr(f (Ĥ)â).
In many situations only some physical degrees of freedom behave semiclassically, the simplest situation being particles with spin. Then the quantum mechanical state space is L 2 (R n , C L ), or more general, L 2 (R n , H f ) := H, where H f is the state space of the "fast" or "fibre" degrees of freedom. Then the Hamiltonian is often of the formĤ = H(x, −iε∇ x ), where now H : R 2n → L(H f ) is a function on classical phase space taking values in the linear self-adjoint operators on H f . The physical meaning of the small parameter ε ≪ 1 depends on the concrete problem. Also in this setting semiclassical approximations turned out very successful and a vast literature exists. The main content of this work are two results which, to our knowledge, have been neither proved nor claimed in this generality, but have been used already quite successfully in concrete problems, in particular in solid state physics, see [XCN10] and references therein.
We now explain our main results, postponing technical details to Section 2 and beyond. The first question is, which classical Hamiltonian system should be related to an operator-valued function H(q, p) on classical phase space? We give the following answer: to each isolated non-degenerate eigenvalue e 0 (q, p) of H(q, p) depending smoothly on (q, p) we associate an almost invariant subspace Π ε L 2 (R n , H f ), Π ε an orthogonal projection depending on ε, and a specific classical Hamiltonian system. The restriction of the HamiltonianĤ to the range of Π ε is a generalized adiabatic approximation which has been studied in great detail, see e.g. [Teu03] for an overview. The restricted Hamiltonian Π εĤ Π ε is then amenable to semiclassical approximation using the mentioned classical Hamiltonian system. At leading order the corresponding scalar Hamiltonian h : R 2n → R is just given by the eigenvalue itself, h(q, p) = e 0 (q, p), and this is basically well known. However, in many applications next to leading order effects play an important role and we show how to incorporate the first order corrections into a modified ε-dependent classical system. The corrected Hamiltonian function takes the form h = e 0 + εM, where the function M is given in terms of the spectral projection π 0 (q, p) of H(q, p) corresponding to the eigenvalue e 0 (q, p). In addition one needs to modify also the symplectic form on R 2n ,
where ω 0 is the standard symplectic form on R 2n . With z = (q, p) and α, β = 1, . . . , 2n, the correction term Ω takes the form
As we will explain, Ω is the curvature form of the induced connection, often called the Berry connection, on the line bundle over R 2n defined by the rank one projections π 0 (q, p). The Hamiltonian equations of motion ω ε (X h , ·) = dh imply that the Hamiltonian vector-field X h is given by X 
Here E n = diag(1, . . . , 1) denotes the n × n unit matrix and the error term results from the fact that the matrix (ω ε ) αβ was inverted only approximately. We denote the corresponding classical flow by φ t ε and the Liouville measure induced by the symplectic form ω ε by λ ε . We prove the following two statements about semiclassical approximations in terms of the classical system defined above.
Stationary expectations (cf. Theorem 1) Let f : R → R be real valued and a : R 2n → R be a suitable scalar observable. Then
Here one could think of f being a distribution function like the Fermi-Dirac distribution andâ some trace-class observable. A nice application of this formula where the leading order approximation tr H Π ε f (Ĥ)â = 1 (2πε) n R 2n dqdp f (e 0 (q, p)) a(q, p) + O(ε 1 )
would give the wrong answer, namely zero, is the derivation of a formula for the orbital magnetization in periodic media, c.f. [GA03, XCN10] and Corollary 3 in Section 7.
Egorov theorem (cf. Theorem 2) One can approximate the time evolution of quantum mechanical observables using the classical flow φ t ε . Let again a : R 2n → R be a suitable scalar observable,
its quantum mechanical Heisenberg time-evolution and a(t) := a • φ t ε its classical evolution. Then
and, as a consequence, for any state ρ = ΠρΠ that is trace-class,
Let us try to give a heuristic meaning to the modifications in the classical Hamiltonian system. As we will see, the projection Π ε is an order ε modification ofπ 0 . Thus the energy of the fast degrees of freedom for states in the range of Π ε is not exactly e 0 , but must be modified by εM . This interpretation is very natural given the symmetric form of M in (19). The correction to the geometry of phase space, expressed in the modified symplectic form ω ε is necessary, since the wave functions in the range of Π ε =π 0 + O(ε) take values, micro-locally, in a line bundle with nontrivial geometry defined by π 0 .
The literature on semiclassical approximations for Hamiltonians with operator-valued symbols is huge and we give a short survey in Section 6. At this point let us mention what we believe are the most important contributions.
The algebraic part of the construction of the projection Π ε is a central step that was done by different approaches and independently by Helffer and Sjöstrand [HS90] and Emmrich and Weinstein [EW96] . Emmrich and Weinstein also showed that h appears in the transport equation for the amplitude of the WKB approximation, but they did not make use of the Hamiltonian flow of h. However, the M term and the modified symplectic form ω ε appeared already earlier in a work of Littlejohn and Flynn [LF91] , who used the equations of motion (1) in order to construct Lagrangian submanifolds on which WKB wave functions are supported. But they arrive at these equations along a slightly different route and, as far as we understand their work, they considered them rather a technical tool than the correct physical equations for the slow degrees of freedom.
As the equations of motion for the position and quasi-momentum of a Bloch electron, a special case of (1) appeared for the first time explicitly in a work of Chang and Niu [CN96] . Since then the "modified semiclassical model" was at the basis of a lot of theoretical progress in solid state physics, see [XCN10] for a review. The only rigorous justification appeared in the case of Bloch electrons, where an Egorov theorem in the above explained sense was proven in [PST03] and slightly generalized in [DL11] .
After the success of the modified semiclassical model in solid state physics the literature concerned with its generalizations and justifications became huge. However, to our best knowledge the claims (2) and (3) have not been clearly stated, nor rigorously or even just systematically derived until now, the one exception being [PST03] . In addition to being new, we believe that our derivation of (2) and (3) is particularly simple and transparent, granted that one is willing to work with the Weyl calculus.
A key feature that distinguishes our approach and [EW96] from the majority of other approaches, starting with [LF91] and including [PST03] , is that we make no use of eigenfunctions ϕ 0 (q, p) of H(q, p), but only of the projections π 0 (q, p). While the former are gauge-dependent, since with ϕ 0 (q, p) also e if (q,p) ϕ 0 (q, p) for real-valued f is an eigenfunction, the projections are unique. Moreover, in some applications like magnetic Bloch electrons, a global smooth choice for ϕ 0 (q, p) simply does not exist for geometric reasons. Exactly this problem was our motivation for developing the new approach presented here and we discuss the application to magnetic Bloch bands of the Hofstadter model in Section 7. The general situation of magnetic Bloch electrons is the content of a future paper [ST12] .
Let us stress that in this work we make no serious attempt to achieve greatest possible generality. Instead we focus mostly on structural aspects and on covering the application to the Hofstadter model discussed in Section 7. Therefore we will make stronger assumptions than presumably necessary in order to avoid distracting technicalities. But we will comment in the following on where and how one can relax the assumptions. Most works, including [LF91, EW96] , are concerned with asymptotic expansions of formal symbols only and ignore the problem of turning the algebraic computation into statements about norm convergent approximations. Note that these algebraic computations and thus the structure of the classical Hamiltonian system remain exactly the same in all applications. Our restrictive assumptions come only into play in the steps where symbolic expansions are turned into statements about operators and traces. If one is willing to forego mathematical rigor in this step, one can freely apply our results even in cases where the precise mathematical assumptions are not satisfied. For an alternative but much more involved proof of the Egorov theorem with a slightly larger range of validity we refer to [Sti11] .
We end the introduction with a short overview of the structure of this paper. In Section 2 we first explain the precise setting and assumptions and give a brief introduction to Weyl calculus. Then we state the known result concerning the existence and properties of the projection Π ε defining the almost invariant subspace related to the eigenvalue e 0 . In Section 3 we introduce the classical Hamiltonian h and show how it is related to the restriction ofĤ to the range of Π ε . Section 4 contains the mathematical statements and proofs of our main results (2) and (3). In Section 5 we prove that ω ε is indeed a symplectic form and compute an explicit formula for the Liouville measure λ ε . Then we show how Ω is related to the curvature of the Berry connection. In Section 6 we discuss some related literature in view of our results. Finally, in Section 7, we discuss a tightbinding model for a two-dimensional gas of non-interacting particles in a constant magnetic field, the so called Hofstadter model. Applying our abstract results, we compute the free energy per volume at fixed temperature and chemical potential and its derivative with respect to the magnetic field, the magnetization. Moreover, we also compute the Hall current at zero temperature when the Fermi level is in a gap, leading to the quantized conductivity in terms of Chern numbers. Although similar results have been established by other techniques, see [SBT12] , we believe that the derivation of these expressions in terms of the semiclassical model is very simple and transparent, once the model is established.
2 The adiabatic approximation 2.1 General setting and precise assumptions
We assume that the state space H decomposes as H = L 2 (R n ) ⊗ H f , where the subscript f stands for "fast" degrees of freedom or for "fibre". Using Lebesgue-Bochner spaces we may rewrite this as
One can replace R n by a flat n-dimensional torus with only very minor changes to the following analysis. Most importantly, one has to use an appropriately modified pseudo-differential calculus as explained, e.g., in [PST03] . We will give some more details on the modifications when we discuss the Hofstadter model in Section 7. For manifolds with non-vanishing curvature the first order corrections cannot be implemented using a modified flow, see [Lam09] . Assumption 1. On H we study a self-adjoint ε-dependent HamiltonianĤ that is given as the ε-Weyl quantizationĤ = op
For any Banach space X and k ∈ R let S k (X) denote the smooth functions from R 2n to X that are bounded together with all their derivatives by a constant times z
The family of seminorms · k,r turns S k (X) into a Fréchet space. The space of uniformly bounded functions A : [0, ε 0 ) → S k (X) is denoted by S k (ε, X). Note that compared to the introduction we allow for a subprincipal symbol H 1 and explicitly separate a linear part in the symbol for technical reasons. As will be recalled in the next section, H 0 andĤ 1 are bounded operators. As a consequenceĤ is self-adjoint on the maximal domain of the operator ξ q · x − iεξ p · ∇ x denoted by D(Ĥ) in the following. The assumption that the symbol H is bounded up to a part linear in z, allows to prove quite directly uniform statements in the following. However, all results are local in phase space R 2n and more general Hamiltonians, e.g. with quadratically growing symbols, can be brought, at least formally, into the required form by appropriate micro-localization in phase space. A rigorous implementation of this idea in the general case is presumably quite technical, but has been done successfully e.g. in the context of the Born-Oppenheimer approximation, see [MS09, TW12] . For the construction of Π ε it is also known that one can allow for H to take its values in the unbounded operators on H f , c.f. [PST03] . We show in [ST12] that also the other steps of our semiclassical approximation work in this case. Assumption 2. We assume that H 0 (q, p) has a non-degenerate eigenvalue e 0 (q, p) such that e 0 : R 2n → R is continuous and satisfies the uniform gap condition
We denote the eigenprojection of H 0 (q, p) to the eigenvalue e 0 (q, p) by π 0 (q, p), i.e. 
Key formulas from Weyl calculus
In this section we collect for later reference some key formulas and results of the Weyl calculus and introduce our notation. Readers familiar with the Weyl calculus can skip this section. For more details on ε-pseudo-differential operators we refer e.g. to [Mar02, DS99] . For a short summary on Weyl calculus with operator-valued symbols the readers can also consult Appendix A of [Teu03] . For a Schwartz function ψ ∈ S(R n , H f ) and A ∈ S k (ε, B(H f )) the action of the Weyl quantization A = op W (A) of A can be defined through the oscillatory integral
For k ≥ 0, by the Calderon-Vaillancourt theorem,Â can be extended to a bounded operator on
More precisely there exists a constant c n depending only on the dimension n,
The composition of operators induces a composition of symbols. For any
is called the Moyal product and it is continuous with respect to the Fréchet topologies uniformly in ε, i.e. for any r ∈ N 0 there is ar ∈ N 0 and a constant c r,r < ∞ such that (A#B)(ε) k1+k2,r ≤ c r A(ε) k1,r B(ε) k2,r for all ε ∈ [0, ε 0 ). The last statement follows e.g. from inspecting the proof of Thm. 2.41 in [Fol89] .
asymptotic expansion with coefficients A j ∈ S k (X) not depending on ε, then A is called a classical symbol, A 0 its principal symbol and A 1 its subprincipal symbol.
The Moyal product
are continuous. The expansion starts with the pointwise product C 0 (ε) = A(ε)B(ε) and the Poisson bracket C 1 (ε) = − i 2 {A(ε), B(ε)}, where
For classical symbols A and B the Moyal product C := A#B is also a classical symbol with an asymptotic expansion starting with
Since A and B are operator valued functions, they do not commute in general and neither do their derivatives. Hence, in general, {A, A} = 0, but, if the derivatives of A are trace-class,
because of the cyclicity of the trace. For later reference we state also the resulting formula for triple products of classical symbols,
Here and in the following we use the shorthand
If A = a1 H f is a scalar multiple of the identity, then A and all its derivatives commute with any B.
As a consequence one can show that in this case
The fact that the remainder term in (8) is of order ε 3 and not only ε 2 is at the basis of our higher order semiclassical approximations. It distinguishes the Weyl quantization from other quantization rules.
We will also be interested in taking traces of pseudo-differential operators and of their symbols. Denoting by J 1 (H f ) ⊂ B(H f ) the Banach space of trace-class operators on H f with the trace-norm A 1 := tr H f |A|, the Moyal product restricts to maps
The continuity of the product and of the asymptotic expansion holds as well with respect to the trace-norm · 1 on J 1 (H f ).
One can compute the trace of a product of Weyl operators by integrating the trace of the point-wise product of the symbols: For scalar symbols b ∈ S 0 (C) and a ∈ W ∞,1 (R
it is known, e.g. [Ron84] , thatâ is trace class and that
where one should read this computation backwards to see that all expressions are well defined and that the equalities hold.
The almost invariant subspace
With an isolated eigenvalue e 0 there is associated a subspace Π ε H of the state space that is almost invariant under the action ofĤ.
Proposition 1 (Super-adiabatic projection). Let Assumptions 1 and 2 hold. Then e 0 ∈ S 0 (R) and π 0 ∈ S 0 (J 1 (H f )). For ε small enough, there exists an orthogonal projection
It is related to the band e 0 through
where π ∈ S 0 (ε, J 1 (H f )) is a classical symbol with principal symbol π 0 taking values in the selfadjoint trace-class operators on H f . Π ε is the spectral projection ofπ for its spectrum near one, i.e.
The relevant diagonal block of the subprincipal symbol π 1 of π is given by
It is quite remarkable that for the following analysis we only need to know that such a projection Π ε =π 0 + O(ε) exists and that the diagonal block of its subprincipal symbol is given by (12). With π ∈ S 0 (ε, B(H f )) the statement of Proposition 1 was proven several times in the literature under slightly varying technical assumptions. The strategy of proof is due Nenciu and Sordoni [NS04] based on work of Helffer and Sjöstrand [HS90] . The exact statement of Proposition 1 follows, for example, from inspecting Theorem 3.2 and its proof in [Teu03] using the statements in Section 2.2 concerning Moyal expansion in S k (ε, J 1 (H f )) and, as a starting point, π 0 ∈ S 0 (J 1 (H f )). To see the latter, note that π 0 takes values in the rank one projections. Thus by induction starting with
all derivatives ∂ α z π 0 are of finite rank ≤ N α and therefore trace class. Hence the fact that π ∈ S 0 (ε, B(H f )) implies by
Corollary 1. Under the hypotheses of Proposition 1 the diagonal Hamiltonian
, the projection Π ε almost commutes with the unitary time evolution operator in the sense that
and
Moreover, for any A ∈ S k (B(H f )) with k > 2n + 1 the operatorsÂπ andÂ Π ε are trace class with
Proof. The self-adjointness of the projected Hamiltonian on D(Ĥ) follows from the fact that [Ĥ, Π ε ] is a bounded operator. A standard Duhamel expansion yields (14) and (15). For the last statement note that by (9) the estimate
ε is the spectral projection ofπ to its spectrum near one, there is a bounded continuous function g :
π. This implies that alsoÂ Π ε is trace class and that
Note that (15) is the starting point for an approximation based on the concept of effective Hamiltonians. The idea is to map the range of Π ε unitarily to L 2 (R n ) using an eigenfunction ϕ 0 (q, p) in the range of π 0 (q, p). The image of the block Π εĤ Π ε ofĤ is then a pseudo-differential operatorĥ eff , the effective Hamiltonian. Its scalar symbol h eff has an asymptotic expansion that can be, in principle, computed to any order. But it depends on a gauge, namely the choice of ϕ 0 (q, p). For details on this approach we refer to [HS90, Teu03] .
The classical Hamiltonian system
For the semiclassical analysis within the subspace Π ε H we can now focus on the restricted Hamiltonian Π εĤ Π ε . The central object is the following scalar Hamiltonian function
where
We will see that M can be written equivalently as
which is the expression found in [EW96] , who explain how to relate it also to [LF91] . The scalar Hamiltonian h has the property that its quantization approximates the action of the full operator H on the range of the projection Π ε up to terms of order ε 2 ,
Proposition 2. The symbolh(z) := h(z) − ξ · z belongs to S 0 (ε, C) and h satisfies
As a consequence,
Note that, in general, there is no scalar symbol h such that (20) holds with an error O(ε 3 ). Neither does an analogous scalar symbol h exist in the case of a degenerate eigenvalue e 0 . Also note that in the introduction we did not distinguish between H and its principal symbol H 0 . Indeed, if we replace H 0 in all the following by H and ignore terms containing H 1 , all the results hold equally. Of course then e 0 and π 0 need to be eigenvalues and spectral projections of H. In concrete applications, however, it is typically easier to split off the principal symbol.
Proof. The claim thath ∈ S 0 (ε, C) is an immediate consequence of the assumptions. Since the linear part ξ · z appears also as a scalar in H, it suffices to check (20) forh andH = H 0 + εH 1 . According to (6) the asymptotic expansion of π#H#π starts with
On the other hand
It remains to show that
To see this note that (5) and (13) imply
which shows also (19). By the same reasoning we have also π 0 {H 0 − e 0 , π 0 } = −{π 0 |H 0 − e 0 |π 0 } and thus (22) follows.
In order to obtain semiclassical approximations up to errors of order ε 2 , we need to take into account that the restriction to the range of Π ε also induces a modified symplectic form ω ε on R 2n
given by
where the components of Ω in the canonical basis are, with z = (q, p) and α, β = 1, . . . , 2n,
As is well known and will be shown also in Proposition 6, Ω is the curvature 2-form of the Berry connection.
The Liouville measure λ ε associated with the symplectic form ω ε has the expansion
We postpone a discussion of these objects to Section 5. There we prove that ω ε is indeed a symplectic form and that its Liouville measure is given by (24). First, however, we present and prove our main results concerning semiclassical approximations.
Semiclassical approximations
We now explain how to approximate quantum mechanical expectation values tr H (ρâ) of semiclassical observablesâ :=â ⊗ 1 H f for the slow degrees of freedom in terms of the classical Hamiltonian system described in the preceding section. Of course this can only work for states ρ that belong to the range of Π ε .
Expectation values for stationary states
In this section we consider stationary states that are suitable functions of the Hamiltonian, i.e.
Since we make use of the Helffer-Sjöstrand formula for analyzing functions of self-adjoint operators, a natural space of admissible functions f is the space
The following theorem shows that we can approximate the quantum mechanical expectation values by a classical phase space average up to errors of order ε 2 if we use the correct classical Hamiltonian h and the correct Liouville measure λ ε . An important application of this result is the possibility to express quantum equilibrium distributions in terms of the classical system. Theorem 1 (Equilibrium distributions). Let Assumptions 1 and 2 of Section 2.1 hold. Then for f ∈ A and a ∈ S k (C) with k > 2n + 1 it holds that
Note that the precise error estimate in terms of a L 1 is very useful when taking e.g. a thermodynamic limit, i.e. when looking at a sequence of observables a n that extend over larger and larger regions of phase space. This is done explicitly in Theorem 3, where we use Theorem 1 to compute the free energy per unit volume in the Hofstadter model. In that model it is also explicit, that only the phase space volume related to each band is modified, while the total phase space volume is unchanged as the total integrated curvature of all bands is zero.
Proof. According to Corollary 1, Π εâ is trace class with tr H (Π εâ ) = O(ε −n a L 1 ) and thus we can estimate expressions of the form tr
In the following computation we use these observations together with the statements of Lemma 1 and Lemma 2 from the appendix where indicated,
Next note that for scalar symbols the functional calculus for pseudo-differential operators implies that f (ĥ) − f (h) = O(ε 2 ), c.f. e.g. Chapter 8 in [DS99] . Since this is an important and nontrivial step, we sketch a proof of this statement in Lemma 3 in the appendix. Hence with
where π#f h #π ∈ S 0 (ε, J 1 (H f )). It remains to compute tr H f (π#f h #π) up to O(ε 2 ) in S 0 (ε, J 1 (H f )). Using (6) and the fact that f h is scalar, we have that the expansion of F := π#f h #π starts with F 0 = π 0 f h0 and
Taking the trace we get
where we used that for scalar symbols
has vanishing trace and that also tr H f {π 0 , π 0 } = 0, see (5). With the expression (12) for π 1 the final result is tr
Inserting this into (25) and comparing with (24) completes the proof.
Egorov theorem and transport of Wigner functions
For non-stationary states ρ(t) = e −iĤ 
For semiclassical observablesâ =â ⊗ 1 H f we thus obtain
The Egorov theorem shows that on the range of Π ε one can approximate the quantum mechanical evolution A(t) by evolving the symbol a along the classical flow φ t ε up to errors of order ε 2 . Its proof for scalar Hamiltonians follows from the relation (8) between commutators of operators and the Poisson bracket for the symbols. As the following proposition shows, a similar statement holds in our case, but with a modified Poisson bracket.
Proposition 3. Let Assumptions 1 and 2 of Section 2.1 hold. Then for ε small enough, the Hamiltonian vector field X
There is a r ∈ N such that for any a ∈ S 0 (ε, C) it holds that
Here X h · ∇a = {h, a} ωε is just the Poisson bracket with respect to the modified symplectic form. For a(z) = η · z with η ∈ R 2n formula (26) holds with an error of order O(ε 2 |η|).
Proof. The statement about X h follows immediately from Ω αβ ∈ S 0 (R) and ∇h ∈ S 0 (ε, R 2n ). Let a ∈ S 0 (ε, C), then with (10) we have
In order to replaceĤ byĥ, observe that
and that by (20)
satisfies π#h 2 #π = h 2 + O(ε ∞ ). Hence its principal symbol satisfies
and we obtain for sufficiently large r ∈ N with r ≥ 2n + 1 that
The remaining term can be rearranged in the following way,
Since h and a are scalar, (8) implies
Here and in the following steps a priori different rs might be necessary. We agree to denote by r the largest one that works in all estimates. Summing up the estimates we got up to now we have
The subprincipal symbol on the right hand side can be replaced by a scalar one at leading order, because of the outside projections,
and thus
Comparing this with
completes the proof for a ∈ S 0 (ε, C). Now notice that the result implies that on the level of classical symbols we have
However, as an algebraic relation it holds for a in any of the symbols classes S k (R), in particular also for a(z) = η ·z. But then
). Note that checking relation (27) directly by expanding both sides in powers of ε is an alternative way to prove the proposition. This was done in [Sti11] and leads to much more painful computations than the argument given here.
Theorem 2 (Egorov theorem). Let Assumptions 1 and 2 of Section 2.1 hold. Then the Hamiltonian flow φ t ε of (h, ω ε ) exists globally and for any a ∈ S 0 (ε, C) it holds that
uniformly on bounded time intervals, where
Proof. Since the Hamiltonian vector field X h is smooth with all derivatives uniformly bounded, the corresponding flow (φ t ε ) t∈R exists globally. Each map φ t ε : R 2n → R 2n is a C ∞ -diffeomorphism with all derivatives bounded. Hence t → a(t) := a • φ t ε ∈ S 0 (ε, C) is smooth and uniformly bounded on bounded intervals in time. In order to apply Proposition 3 we use the standard Duhamel argument and (14) to show that
Hence the claim follows from (26) and the fact that a(t) := a • φ t ε satisfies d dt a(t) = X h · ∇a(t). As a corollary we get the following result on the transport of Wigner functions, which is dual to the Egorov theorem. For ψ ∈ L 2 (R n , H f ) the Wigner transform W ψ of ψ is defined by
Let ν ε be the density of λ ε with respect to Lebesgue measure, i.e. λ ε = ν ε dqdp. Then for ψ 0 ∈ Π ε H and ψ(t) := e −iĤ t ε ψ 0 we find for any a ∈ S 0 (C) that
where we used that the Liouville measure λ ε is invariant under the Hamiltonian flow φ t ε . Thus we define the reduced or scalar Wigner transform w ψ π0 associated to the projection π 0 by w
Corollary 2 (Transport of the Wigner function). For
in the sense that with ψ(t) := e
for all a ∈ S 0 (C).
The geometry of the classical phase space
In this section we show that ω ε is a symplectic form, compute its Liouville measure λ ε and clarify its relation to the geometry of the line bundle defined by the family of projections π 0 (q, p) over R 2n .
Proposition 4. For ε small enough ω ε defined in (23) is a symplectic form.
Proof. The matrix Ω is by definition skew-symmetric and bounded, hence detω ε = 0 for ε small enough. Thus ω ε is a non-degenerate 2-form. To see that ω ε is closed, note that
Proposition 5. The Liouville measure of the symplectic form ω ε is given by
Proof. The Liouville measure is defined by λ ε = (−1)
With this sign convention ω ∧n 0 yields the canonically oriented volume form on R 2n . To compute the first order corrections, it suffices to take all terms into account which contain exactly one term of the form Ω αβ dz α ∧ dz β . Due to the antisymmetry of the wedge product, only the off-diagonal terms Ω qp jj dq j ∧ dp j and Ω pq jj dp j ∧ dq j contribute and we get
We already mentioned and it is well known that Ω is, up to a factor of i, the curvature of the Berry connection. For the sake of completeness we explain what exactly this means. Originally the Berry phase was introduced for the adiabatic limit of time-dependent Hamiltonians by Berry [Ber84] . Shortly thereafter Simon [Sim83] realized that this phase could be rewritten as the holonomy of the curvature of a certain line bundle. Let us briefly explain this idea using our notation. The trivial Hilbert bundle E := R 2n × H f P → R 2n , where P is the projection onto the first component, is endowed with a canonical flat connection: for ψ ∈ Γ(E) and X ∈ Γ(T R 2n ) let (∇ X ψ)(z) = X j ∂ zj ψ(z). Within this picture we can regard the symbol H 0 : R 2n → B(H f ) as a section in the endomorphism bundle of E, i.e., H 0 ∈ Γ(End(E)) which acts on sections ψ ∈ Γ(E). Associated to an isolated eigenvalue e 0 : R 2n → R of H 0 is the spectral projection π 0 : R 2n → B(H f ) which again we regard as a section π 0 ∈ Γ(End(E)). This projection defines a sub-vectorbundle
. This connection is called the Berry connection. Proposition 6. The curvature form R ′ of the Berry connection
and for a line bundle R
Here we used π 0 φ = φ for φ ∈ Γ(L) in the third equality, commutativity of partial derivatives in the fourth equality and (13) in the fifth equality. If rankπ 0 = 1, then
Since R 2n is contractible, there exists a global section (ϕ 1 , . . . , ϕ d ) of the frame bundle associated with L, i.e. ϕ 1 , . . . , ϕ d ∈ Γ(L) and (ϕ 1 (z), . . . , ϕ d (z)) is an orthonormal basis of π 0 (z)H f for each z ∈ R 2n . With the physicists' bracket notation the projectors can be written more explicitly in the form π 0 (z) = |ϕ ℓ (z) ϕ ℓ (z)| and R ′ ij can be expressed in terms of this frame. For the case d = 1 of a line bundle one finds R
The connection one-form A of the Berry connection with respect to this trivialization is given by
i.e. it acts on a local section φ = ψϕ as
The curvature two-form Ω is just
We remark that the Berry connection is usually discussed in the form of the connection coefficient (29) with respect to a local or global trivialization. Note that for our discussion of the semiclassical approximations we used at no point the existence of a trivialization of the bundle L. This is why the same reasoning can be used also in the case of Bloch electrons in magnetic fields. There the phase space is the cotangent bundle of a flat torus and the corresponding bundle L is not trivializable, c.f. Section 7.
6 Discussion of the literature Semiclassical approximations for Hamiltonians with operator valued symbols have been discussed many times in the literature and almost all objects appearing in our analysis appeared in some form before. Hence we give a short roadmap to the literature that we know.
Our first reference for the corrected symplectic form is a series of papers by Iida and Kuratsuji [KI85, IK87, KI88] . They used path integrals to study adiabatic decoupling of a slow and a fast system. In the path integral formalism they derive an effective Lagrangian for the slow system that incorporates Berry phase effects. After taking the semiclassical limit they are able to write down their version of the semiclassical equations of motion. However they missed the M term (18) and thus their result must be considered incomplete.
In the context of WKB approximations the work of Bernstein [Ber75] is the earliest reference which contains an additional phase term besides the Berry phase. Kaufman, Ye and Hui [KYH87] used a variational approach to re-derive those results and expressed them in a form using Poisson brackets. The comparison of these results to the more modern ones is not straightforward. An attempt to reconcile them has been made by Fukui [Fuk92] .
A thorough discussion of the older literature and the first appearance of the general M term and the modified symplectic form ω ε is contained in the work of Littlejohn and Flynn [LF91] . They use the Weyl calculus to diagonalize operators with matrix-valued symbols. To do this, they must assume that the spectrum consists only of globally isolated eigenvalues and that the linebundle L defined in the previous section is trivializable. They found that -unlike in the scalar case -the equation for the amplitude in the WKB approximation contains additional phase terms. One of them is the Berry phase and the other the M term, which they call "no-name term". The Berry term is gauge dependent, i.e. it depends on the choice of a global tirvialization. This gauge dependence seemed to be unsatisfactory from their point of view and they searched for a method to express their results in a gauge-independent way, which turned out to be closely related to the right choice of coordinates. A few lines of calculation show that the phase space coordinates z This simply means that in these coordinates the symplectic form ω ε is given by the canonical form dq ′ ∧ dp ′ . Littlejohn and Flynn on the other hand started out by canonical coordinates and the analysis of gauge invariance led them to consider non-canonical coordinates, which are associated to the symplectic form ω ε . However it seems to us, as if they failed to realize that their non-canonical coordinates are in fact position and momentum of the slow degrees of freedom. At least they neither proved nor claimed the statements of our Theorems 1 and 2.
The algebraic part of the construction of the Moyal-projection π for ε-pseudo-differential operators was first done by Helffer and Sjöstrand [HS90] . Independently and motivated by [LF91] , Emmrich and Weinstein [EW96] gave a derivation of the transport equation in WKB approximations which does not rely on eigenfunctions and is intrinsically gauge-independent. In their work they give an alternativ construction of the Moyal-projection π and find the gauge independent classical Hamiltonian h with the M term in the form (19). For them the modified symplectic form and the modified flow φ t ε play no role. Completely independently, a formal derivation of the modified semiclassical equations of motion (1) in the special case of Bloch electrons using propagation of wave packets was given by Chang and Niu in [CN96] .
Based on the approach of [HS90] , the general construction of the super-adiabatic projection Π ε was first done by Nenciu and Sordoni [NS04] . Using an adaption of this construction and in addition global trivializations of L, in [PST03] the first rigorous derivation of the modified semiclassical equations for Bloch electrons without strong magnetic fields was given. The fact that such a trivialization is not available in magnetic Bloch bands was the motivation for the present work.
There have been many more works considering the semiclassical limit of particles with spin, which corresponds to H f = C N . Among them we mention [BGK01, BG04] , where in [BG04] an Egorov theorem to any order in ε is proved, but not based on a modified classical flow.
To our best knowledge the statement of Theorem 1 on stationary expectations was used only recently by Gat and Avron [GA03] and later in [XSN05] . As far as we understand, there the statement is taken for granted, but not systematically derived or proved. The statement of Theorem 2 was proved in a special case in [PST03] , but otherwise neither claimed nor proved.
Finally we would like to mention that the physics literature on the semi-classical limit for operator valued symbols is vast and it seems that many observations are reproduced independently several times. For example in [GBM07] ideas appearing in [LF91] are reproduced without citation. Since all these newer works we know of are at most formal, make no statements similar to ours and differ from our strategy of proof, we do not list them here. with B ∈ R. The single particle Hamiltonian is the discrete magnetic Laplacian
acting as a bounded self-adjoint operator on ℓ 2 (Z 2 ). Here (T B n ψ) j = e i 2 n·Bj ψ j−n for n ∈ Z 2 are magnetic translations. This is a simple model for particles in a periodic potential in the tight binding approximation. For B = 0 the operator H B=0 is invariant under lattice translations and thus diagonalized by the Fourier transformation F :
where F H B=0 F * = E becomes the multiplication operator with the function E(k) = 2(cos(k 1 ) + cos(k 2 )).
For B = 0, the operator H B is invariant under the dual magnetic translations (T (1,0) . However, for magnetic fields B = B 0 = 2π p q that are rational multiples of 2π, the magnetic field and the lattice are commensurable in the sense that the magnetic flux per unit cell is a rational multiple of the flux-quantum Φ 0 = 2π e = 2π. As a consequence one can extend the dual magnetic translations to a unitary representation of the subgroup Γ q := {γ ∈ Z 2 | γ 1 ∈ qZ} of Z 2 by definingT
and thus H B0 can be fibered with respect to this group representation: Let M q := [0, 2π/q)× [0, 2π) be the reduced Brillouin zone and define the magnetic Bloch-Floquet transformation as
Then U B0 is unitary and because of (
q Z , γ * 2 ∈ 2πZ} the functions in its range can be naturally extended to τ -equivariant functions in L 2 loc (R 2 k ; C q ). Here a function f : R 2 → C q is said to be τ -equivariant if it satisfies
and thus Γ * q -periodic up to unitary equivalence. It is well known that for q odd,
By the τ -equivariance and analyticity of H 0 (k), e (j) (k) are Γ * q -periodic real analytic functions. For q even, all bands but the middle ones are isolated, where e (q/2) (k * ) = e (q/2+1) (k * ) for one point k * ∈ M q . Thus except for the middle bands the same conclusions hold. The spectrum of H B0 thus consists of q resp. q − 1 disjoint closed intervals and if plotted as a function of B 0 gives rise to the famous Hofstadter butterfly with its fractal structure.
We now show that small (also irrational) perturbations of B 0 give rise to a semiclassical problem for a Hamiltonian with operator valued symbol and that we can use the semiclassical approximations developed in the previous chapters in order to understand H B for a magnetic field B = B 0 + εb in terms of a classical system based on the geometry of H 0 (k). To see this note that for B = B 0 +εb and in the presence of an electric potential V ε (n) = V (εn) with
, the Bloch-Floquet transformation with respect to B 0 yields the Hamiltonian
Here ∂ τ kj denotes the derivatives with τ -equivariant boundary conditions and the matrix entries, e.g. 2 cos(k 2 − 1 2 b iε∂ τ k1 ), are defined by the functional calculus for self-adjoint operators. However, the operator H ε can also be understood as the ε-Weyl-quantization of the matrix-valued function
In order to apply the Weyl-calculus from R 2 here, one identifies
and restricts to τ -equivariant symbols, see [PST03] or Appendix B in [Teu03] for details. With this modification all the results of this paper hold with the identical proofs for the Hamiltonian with symbol H(k, r) and the underlying classical system on the phase space T 2 × R 2 , which we describe next.
Let e (j) (k) be an isolated band of H 0 (k) with spectral projection π (j) (k). Thenẽ (j) (k, r) := e (j) (k+ 1 2 br)+V (r) is an isolated band for H(k, r) with spectral projectionπ (j) (k, r) = π (j) (k+ Now we can restrict the integration to T q to get a factor of q, divide by the area ε −2 |Λ n | and take the limit to prove the second statement.
The thermodynamic pressure is the starting point for computing several physically relevant quantities like the magnetization M (B, β, µ) = ∂ B p(B, β, µ) and the density ρ(B, β, µ) = ∂ µ p(B, β, µ) and derivatives thereof. Proof. The formula is obtained by taking the derivative of the semi-classical expression for p from Theorem 3. Noting that ∂ B = b −1 ∂ ε shows that the error term does not contribute to the derivative, since it is O(ε 2 ).
This formula for the magnetization in solids is rather recent even on a heuristic level, see [GA03, XSN05] . It was proved by a completely different approach as a special case of a more general formula in [SBT12] . Note however, that at least on a formal level the present derivation using the semiclassical model is much simpler.
As a final application of the Egorov theorem or, more precisely, of Proposition 3, we compute the current density in the Hofstadter model at zero temperature when a constant electric field E ∈ R 2 is applied and when µ lies in a gap between e (m) and e (m+1) . The corresponding state is given by Π ε = m j=1 Π (j) and its localization to the region ε −1 Λ n by Π ε n := Π ε χ n (εx)Π ε .
Lemma 1. Let A be a self-adjoint operator on H with domain D and P ∈ B(H) an orthogonal projection such that P D ⊂ D and [A, P ] ≤ d .
Then for any f ∈ A there is a constant C < ∞ such that
and P f (A)P − f (P AP ) ≤ C d 2 .
Proof. The bound (30) is an immediate consequence of the Helffer-Sjöstrand formula. For (31) first note that P AP is self-adjoint on H with domain P D ⊕P ⊥ H. Hence f (P AP ) ∈ B(H) is well-defined by the functional calculus and it holds that f (P AP ) = P f (P AP )P . We next show that
This follows from taking norms in the identity P (A − z) −1 − (P AP − z) −1 P = P (A − z) −1 P − P (P AP − z) −1 P = P (A − z) −1 P ((P AP − z) − (A − z)) P (P AP − z) −1 P + P (A − z) −1 P (A − z)P (P AP − z) −1 P − P (P AP − z) Lemma 3. Let h ∈ S 0 (ε, C) be real-valued and f ∈ A. Thenĥ is a bounded self-adjoint operator and
Proof. The Weyl quantization of a real valued symbol in S 0 (ε, C) is bounded and symmetric and thus self-adjoint. Following Exercise 24 of Chapter 2 in [Mar02] , it suffices to show (35) for the resolvents at z ∈ C \ R:
